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Abstract— We discuss spatial dispersion effects in three-dimensional discrete metamaterials.
In the present work, we consider two examples of metamaterials whose behavior can not be
described properly by means of the effective medium model and where nonlocality is important.
These examples are (i) discrete structure consisting of the uniaxial dipoles operating in the vicinity
of the transition from elliptic to the hyperbolic dispersion regime and (ii) structure composed of
isotropic particles with electric polarizability where spatial-dispersion-induced birefringence can
arise.

1. INTRODUCTION

One of the exciting perspectives provided by the field of metamaterials is a possibility to tailor
metamaterial electromagnetic response choosing proper constituent elements of artificial structure
as well as the geometry of their arrangement. Engineering composite materials’ local material
parameters (e.g., permittivity and permeability) is widely discussed in the literature [1,2]. Besides
that, the use of metamaterials provides a novel degree of freedom in material science, namely, a
possibility to tailor metamaterial spatially dispersive response. Spatial dispersion or nonlocality
of material electromagnetic response means that the polarization of a physically small volume
is influenced not only by the field in a given volume but also by the electric field existing in the
neighbouring regions of space [3,4]. Strong spatial dispersion effects are quite uncommon in natural
materials [4]. However, there exists a class of metamaterials where nonlocality is important [5].
Therefore, it is of interest to reveal new physical phenomena that arise due to spatial dispersion.
In the present work, we address two types of metamaterials operating in such regime that the
nonlocal effects are essential: the three-dimensional structure consisting of the uniaxial dipoles
in the frequency range corresponding to the transition from elliptic to the hyperbolic dispersion
regime (Fig. 1(a)) and the structure composed of isotropic particles (Fig. 1(b)) where spatial-
dispersion-induced birefringence can be observed. In our study, we employ the discrete dipole
model that provides a self-consistent scheme for the description of the nonlocal effects in discrete
metamaterials [6]. Note that we do not employ perturbative expansions of the effective permittivity
dyadic with respect to wave vector in this scheme.

2. TOPOLOGICAL TRANSITION IN THE STRUCTURE CONSISTING OF THE
UNIAXIAL ELECTRIC SCATTERERS

We consider the structure consisting of the uniaxial electric scatterers located in the sites of a cubic
lattice with the period a (Fig. 1(a)). Such scatterers can be realized as short dielectric rods in

Figure 1: Discrete metamaterials under study. (a) Structure composed of the uniaxial electric scatterers in
the sites of a cubic lattice. (b) Structure composed of isotropic particles in the sites of a cubic lattice.
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optical metamaterials or short wires with some load, inductive or capacitive, in metamaterials for
microwave range. In the further study, we do not concretize the structure of the scatterers, because
in this approach their properties are fully described in terms of polarizability tensor & = a,.€, ® €,
where €, is a unit vector directed along the anisotropy axis.

Within the frame of discrete dipole model the effective nonlocal permittivity tensor of the
composite is given by
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and G**(w;7) is a matrix element of the dyadic Green’s function that determines the electric
field created by the point dipole. a;}! = aazlz — 2iw3/(3¢?), the latter imaginary term takes into
account the radiation loss contribution, and «q,, is a bare polarizability of the scatterer. In the
limit ka < 1, wa/c < 1, one can derive Clausius-Mossotti formula that does not contain spatial

dispersion corrections:
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where 3 = 4., /(3 a3). From Egs. (1), (2), it follows that spatial dispersion corrections to local
permittivity Eq. (2) are the most essential when the numerator or the denominator of the fraction
Eq. (2) tends to zero. But this situation corresponds to the topological transition in metamaterial
when €., changes its sign and the topology of isofrequency contours changes from a closed quasi-
ellipsoid to an open quasi-hyperboloid, i.e., the dispersion regime changes from elliptic to the
hyperbolic one. Using the expression for the effective permittivity Eq. (1) we derive the dispersion
equation ~

o (w) — Gy, (w, k) =0. (3)
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Solving Eq. (3) numerically one can plot the system of isofrequency contours for different fre-
quencies. The analysis of isofrequency contours system suggests that the transition from elliptic
dispersion regime (that corresponds to the quasi-elliptic closed isofrequency contours) to the hy-
perbolic one (corresponding to the quasi-hyperbolic opened isofrequency contours) is not instan-
taneous. Namely, there exists a transition dispersion regime that combines elliptic and hyperbolic
isofrequency contours. Further, we refer this regime as mixed dispersion regime. The conditions
of observation of the mixed dispersion regime are shown in the “frequency-polarizability” diagram
Fig. 2; the typical isofrequency contours are also sketched in Fig. 2. The detailed investigation of
the mixed dispersion regime properties is provided in our recent work [7]. It is interesting that
the complicated structure of isofrequency contours in the mixed dispersion regime gives rise to the
threerefringence of the wave incident from air at the boundary of the discrete structure with a
special orientation of the anisotropy axis. Note also, that the discrete dipole model allows one to
describe low- and high-e mixed regime within a single framework (i.e., by the single formula for
the effective permittivity) whereas in the perturbative description of spatial dispersion effects one
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Figure 2: Different dispersion regimes in the discrete dipole structure composed of the uniaxial electric
scatterers shown on “frequency-polarizability” diagram. The isofrequency contours typical for the given
regime are sketched. (a) The vicinity of high-e mixed regime. (b) The vicinity of low-¢ mixed regime.




216 PIERS Proceedings, Prague, Czech Republic, July 6-9, 2015

deals with the expansions of ¢, (w, k) or ..} (w, k) with respect to wave vector in low- and high-¢
mixed regimes, respectively.

3. SPATTIAL-DISPERSION-INDUCED BIREFRINGENCE IN THE STRUCTURE
COMPOSED OF ISOTROPIC PARTICLES

In the similar manner we analyse spatial dispersion effects in the structure consisting of isotropic
particles (for example, plasmonic spheres) located in the sites of a cubic lattice with the period a
(Fig. 1(b)). Homogenization of the structure within the frame of the discrete dipole model yields [8]:
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where « is a polarizability of isotropic particle. Note, that the tensor C’,;(w,k) representing the
lattice interaction constant is not proportional to the identity matrix in the general case. Therefore,
Eq. (4) suggests that the effective permittivity tensor of the structure consisting of isotropic parti-
cles is not proportional to the identity matrix and, consequently, the structure exhibits anisotropy
at least in a certain spectral range. The intrinsic reason for this anisotropy is spatial dispersion, be-
cause the direction of the wave vector with respect to the lattice axes provides a selected direction in
space. One can also envision the frequency range where spatial-dispersion-induced birefringence can

be notable. Indeed, as the anisotropy of the structure is determined by anisotropic tensor C%, the

anisotropy would be the strongest if the isotropic term T~ vanishes. This situation corresponds to
the resonance of the individual particle. The described phenomenon of spatial-dispersion-induced
birefringence was discussed in the theoretical works [3, 9] employing the perturbative expansions of
the effective permittivity tensor and some symmetry considerations. The effect was also observed
experimentally for such natural materials as CugO [10], CaFg and BaFs [11], but expectedly was
sufficiently weak. For that reason, the study of spatial-dispersion-induced birefringence in the field
of metamaterials with strong nonlocal response is promising.

To provide a quantitative demonstration of the effect, we plot the dispersion diagram Fig. 3 for
metamaterial consisting of spherical isotropic particles with the radius R = a/2.1, permittivity of

material ¢, = 1 — 3%‘2, where the resonance frequency of a single particle is wpa/c = 0.132. The

inverse particle polarizability is set to a~! = ?f? R3 — 2’;’3 with the latter term describing the
P

radiation loss contribution. The dispersion diagram Fig. 3 shows that the degeneracy of the two
transverse eigenmodes inherent to anisotropic media is removed for the direction of propagation I'K.
One can also see that the anisotropy of the structure is the most essential in the frequency interval
in the vicinity of a single particle resonance as it was discussed above. The phenomenon of spatial-
dispersion-induced birefringence in metamaterials can be detected experimentally by measuring the
reflection coefficients for two polarizations of the wave incident from air at the boundary of the
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Figure 3: The dispersion diagram for the structure composed of isotropic particles with electric polarizability.
Propagation in the plane &k, = 0 is studied.
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discrete structure with the wave vector aligned along 'K direction of the cubic crystal. Further
details regarding the observation of spatial-dispersion-induced birefringence in metamaterials and
the corresponding calculations are expounded in our work [12].

4. CONCLUSION

Metamaterials with the pronounced nonlocal effects constitute an important class of materials.
The possibility to tailor their spatially dispersive response provides a novel degree of freedom in
material science and challenges metamaterial engineers. In the present work, we apply the discrete
dipole model to describe nonlocal effects in discrete three-dimensional metamaterials. We demon-
strate the existence of the mixed dispersion regime accompanying topological transition in discrete
metamaterials composed of the uniaxial electric scatterers. We also consider the phenomenon of
spatial-dispersion-induced birefringence in metamaterials based on three-dimensional cubic arrays
of isotropic particles.
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