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Abstract— Nanolaser modelling still presents difficulties stemming from the complexity of the
physical problem and lacking a simple and efficient way of predicting the temporal evolution of
the laser field. The application of a Stochastic Simulator to the case of a large-β laser shows how
this new approach can deliver precious information on the relative fraction of stimulated (and
spontaneous) photons in the output, together with the fluctuations intrinsic to the stochasticity
of the physical processes (emission by atoms and transmission by the cavity). A brief discussion
of the open problems in nanolaser modelling and characterization is offered.

1. INTRODUCTION

Progress in laser miniaturisation has been steady and successful since the proposal of the Vertical
Cavity Surface Emitting Semiconductor Laser (VCSEL) [1] in 1988. The idea of turning around
the cavity axis by placing the plane of the active medium (e.g., a quantum well) ortogonally to the
direction of propagation of the electromagnetic (e.m.) field and using very high mirror reflectivities
has allowed for the realization of the first microcavities. Their length is now limited to half a
wavelength (in the material of refractive index n) and their steadily decreasing diameter, to ensure
a high-quality transverse mode and very low thresholds of operation (i.e., minimal electric currents),
has permitted the reduction of the active volume to a few tens of cubic micrometers.

Modelling efforts, parallel with technological developments, showed that the miniaturisation
smoothed out the kink normally observed in the laser response (cf. Figure 1), thus leading to
difficulties in a clear identification of the transition towards field coherence. In the limit of a cavity
consisting of a single e.m. field mode — i.e., one and only mode both for the spontaneous as well
as for the stimulated emission (β = 1, where β represents the fraction of spontaneous emission
coupled into the lasing mode) — the kink may entirely disappear, producing what has been called
the thresholdless laser. In reality, a transition towards field coherence persists, but its identification
remains very difficult to achieve [2], even in today’s nanolasers [3].
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Figure 1: Laser output vs. injected power (arbitrary units) from Eq. (25) in [4] with parameter values:
γ = 1× 1010 s−1, ξ = 0.1, τsp = 1× 10−9 s, τnr = 1× 10−10 s.

In nanolasers, the problem is further complicated by the extremely low level of optical power
which can be recovered from the device and by the technical restriction (still current in most devices)
of pulsed operation. Thus, the experimental tools available for testing the degree of coherence of
the output field remain quite limited and most investigations offer a characterisation of the laser
emission in terms of second (or, at times, higher) order (auto-)correlation functions. Since their
interpretation amounts to solving a mathematical inverse problem, good modelling guidance is
indispensable. In this paper, we briefly discuss the physical peculiarities of the nanolaser and show
how a new modelling approach can contribute to shed new light into the physics of coherence
buildup.
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2. THE PHYSICAL PECULIARITY OF THE NANOLASER

The principal advantage of the nanolaser is its extremely small cavity size, allowing for: a. inte-
gration into nano-optical circuits for on-chip information transmission and processing; and b. ex-
tremely low power consumption. Good optical coupling, due to the on-chip integration, reduces
spurious losses and improves optical efficiency, while the extremely small cavity volume minimizes
the radiative losses through spontaneous emission in the “unwanted” e.m. cavity modes.

However, since the traditional, sharp threshold is a direct consequence of the large cavity volume
in a standard laser [5, 6], the difficulties arising in the large-β [7] limit are not surprising. In a
nanolaser possessing a unique e.m. cavity mode all photons end up into this mode, whether they are
spontaneous or stimulated, and collectively contribute to the photon output. Thus, experimental
measurements must either detect the statistical properties of the different photon (cf. below) or
measure directly the phase noise [8]. Models must therefore be able to either account for the phase
of the total e.m. field, or describe self-consistently the fraction of spontaneous and stimulated
photons and their fluctuations, without ressorting to hypotheses on their statistics (as is done,
for instance, when adding Langevin noise to rate equations). This is where the SS provides itself
as a very useful tool, since it preserves the simplicity and versatility of population-based models
(i.e., rate equations [5]) which can be rigorously proven to be consistent with more sophisticated
Maxwell-Bloch techniques [9], while keeping track of all spontaneous photon populations and self-
consistently including the stochasticity of the emission and cavity transmission.

One point which remains unclear for the moment is the true nature of the photon statistics in the
extended transition (or threshold) region. Class A-based [10] photon statistics predicts the existence
of a statistical mixture of spontaneous and stimulated photons [11], postulated also in a microcavity
device [12]. However, cross-correlation measurements performed in a nanolaser prove the existence
of strong correlations (i.e., predominantly stimulated photons) but over short times [13] (compatible
results are obtained in a microcavity [14]). Since the statistical distributions do not give access
to time-resolved information, the modelling requires efficient stochastic predictions on temporal
sequences of events to compare to experiments.

3. FLUCTUATIONS, CORRELATIONS AND PHOTON STATISTICS

The coherence of laser output is characterized by a spectrum of fluctuations which crucially differ
from that of thermal radiation [15]. Photon statistics, developed in Class A lasers as a tool to answer
this question [11], has been very successfully used on a wide gamut of laser devices. However, most
lasers currently in use belong to the Class B [10], due to their much higher efficiency in storing
energy in the internal (quantum) states with almost negligible losses (which instead dominate in
Class A devices).

Semiconductor micro- and nanocavities belong to the Class B: their temporal dynamics is pre-
dicted to be more complex [16, 17] and experimental results suggest that their statistical features
present a more complex evolution across the threshold region [14]. This may be the basis for
the difficulties in interpreting the observed convergence (or lack thereof) in the (auto)correlation
functions [18, 19], it could explain the inconsistencies observed in the convergence of higher-order
correlations [20], it would match the observation of coherent oscillations [21, 22] and may also be
in agreement with the short correlation times observed in cross-correlation analysis [13]. For all
these reasons, fast access to predictions relying fluctuation-related information, even in the tem-
poral domain [17], becomes crucial. The advantage of the SS is that using a minimal amount of
assumptions (usual in semiclassical modeling of lasers) it is possible to have access to the intrinsic
stochastical features of the physics of laser emission.

4. LASER MODELLING WITH THE STOCHASTIC SIMULATOR

The Stochastic Simulator (SS), detailed elsewhere [16], offers predictions based on the estimate of
the probability of occurrence of the competing physical processes which take place when atoms
(where the term here denotes any kind of physical element storing energy in its internal state) relax
from an excited state with emission of a photon. Only the discrete physical processes and their
probabilities are included, thus excluding all hypotheses necessary for writing differential models.
The scheme is illustrated in Figure 2.

The introduction of photon classes (three colors in the figure) is the crucial tool for the success
of this modelling approach based on dynamically following the photon evolution from the entirely
uncorrelated (spontaneous) to the predominantly correlated (stimulated) regime across the thresh-
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Figure 2: Illustration of the Stochastic Simulator principle. Each atom (represented by the two quantum
levels) is externally pumped and may decay radiatively in one of the three channels — 1. the off-axis spon-
taneous “mode”, grouping all modes other than the lasing one (green photons); 2. the on-axis spontaneous
mode (blue photons); 3. the (on-axis) stimulated mode (red photons). On-axis photons are recycled by the
cavity (light turquoise-green planes) and are transmitted by the coupling mirror (right); the off-axis (green)
photons exit the interaction volume laterally. The full pumping process is represented by the upward ma-
genta arrow. The large bracket collects all interactions occurring, e.g., in the grey plane. Absorption and
nonradiative relaxations are neglected, their effect being limited to raising the laser threshold.
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Figure 3: Average photon number as a function of pump for a laser with β = 0.9. Red line: spontaneous
photon fraction emitted on-axis; blue line: stimulated fraction of photons. The black line represents the
total number of photons transmitted by the output coupler. The error bars represent the fluctuations and
are computed, for the black curve, on the sum of the two photon populations.

old region. This way, it is possible to see how the “phase transition” takes place for different values
of β [16], since its value reflects the presence of off-axis spontaneous modes. A clear threshold can
be identified in macroscopic (low β) devices [16] and a progressively smoother transition naturally
appears as the cavity volume is reduced. Of course, this representation is a semi-classical approxi-
mation of the actual quantum-mechanical description and cannot reproduce interference effects and
the collapse of the phase of the e.m. field. The strong computational efficiency of the scheme [16],
however, offers the possibility of easily repeating the calculations for averaging and for statistical
information.

Figure 3 shows the computed average photon numbers, together with their fluctuations (error
bars), when varying the pump strength. The blue curve reproduces the growth of the stimulated
fraction of photons, whose contribution in the left part of the graph is entirely negligible (notice
the logarithmic scale). The spontaneous photons (red) entirely dominate the low pump interval
and slow their growth until they drop to a saturated value as the pump grows sufficiently, while the
stimulated fraction eventually takes a linear growth. The average total number of photons emitted
on-axis — i.e., the combination of spontaneous and stimulated which cannot be discerned when
measuring the output power with a detector — show a practically linear response (black curve).
The fluctuations of the total output, however, display a marked increase in the central region of
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the figure to decrease to a level almost indistiguishable from the line in the upper pumping range.
This is the signature of the transition to lasing, and we can reasonable consider that the laser
output is coherent starting from pump values approaching 0.01. No clear threshold, however, can
be assigned, contrary to the low-β situation [16]. Notice that the asymmetry (top-bottom) in the
error bars in the graph is due to the representation in logarithmic scale, rather than to a true
asymmetry in the fluctuations.

The information obtained from the SS goes well beyond what rate equations can provide. While
on the one hand, the latter can easily predict the shape of the input-output curve (average photon
number vs. pump — cf., e.g., Figure 1), the rate-equation-approach is entirely incapable of provid-
ing any meaningful information about the minimum value of pump above which the laser output
can be considered coherent. Indeed, even when introducing noise (e.g., in Langevin form) to the
model, the rate equations for a very small system will at best reflect the noise characteristics of
the noise scheme which has been chosen, rather than those of the stochastic processes which lead
to atomic relaxation and then – under suitable conditions — lasing.

The predictions of the SS instead, given their intrinsic stochastic nature, provide meaningful
information about the fluctuations around the average and, given the explicit inclusion of the three
photon classes, can be used to follow the transition between the spontaneous and the coherent
regime (within the approximations of the model). This information can be used to follow the relative
fluctuations, compute the Fano factor, etc., thus allowing for a more complete characterization of
the predicted laser response. External fluctuations can be added, e.g., to the pump, to further
investigate their influence on the device’s operation. Here we have exclusively focussed on the
internal noise.

5. CONCLUSION

In conclusion, we have given a quick overview of the features of nanolasers which still pose problems
and of some of the techniques which have and can be used for their characterization. Since numerous
problems remain open in the description of these nanosources and modelling presents difficulties,
either related to the inadequacy of simplified approaches, or the complexity of advanced techniques,
we have presented the advantages offered by the Stochastic Simulator and shown how its use can
efficiently provide useful information about the operation of very small lasers.
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