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Abstract— There has been a recent drive to find fundamental limitations of bandwidth per-
formance. Such results include Rozanovs (2000) bandwidth performance of absorbers, and
Gustafssons (2007) limitation for single port antennas, similar bounds on transmission coeffi-
cients through a frequency selective screen and high-impedance surfaces are also known. In the
present work we show a related bound for array antennas over a ground plane. We illustrate
how this bound can be formulated as an array figure of merit, weighting impedance bandwidth,
return loss, scan range and material and size information against each other.

The derivation of the array figure of merit is based on Bode-Fano theory for a scattering passive
object, and is related to the Rozanov bound of absorbers. This result is essentially a sum-rule
result that only requires that the array element is scattering passive, time-invariant and linear.
The bound is derived for linearly polarized periodic arrays over an infinite planar ground-plane.
The array figure of merit can both be used to evaluate existing antennas. It can also be used
as a prediction tool and hence as an a-priori assessment of impedance bandwidth limitations for
a given antenna element. The array figure of merit contains return-loss, impedance bandwidth,
scan range, and element specific information. We show how to use the array figure of merit to
investigate trade-off between, e.g., return-loss and bandwidth or bandwidth versus thickness. We
note that the array figure of merit easily extend to multi-band antennas.

1. INTRODUCTION

Physical limitations on impedance bandwidth for array antennas is a fairly recent research area.
Initial investigation based on an antenna () approach are known in [1,2]. A sum-rule approach to
these limitations are derived and analyzed in [3-5]. On the other hand, small single port antennas
bandwidth limitations are known starting from [6, 7] for spherical regions, using a spherical mode
approach. Antenna @ for small antennas analyzed through the input impedance are given in [8].
Arbitrary shaped small antenna limitations were first derived in [9] through a sum-rule for partial
directivity over antenna @, D/Q. Antenna @, and D/Q through a current-density approach has
been studied in [10-14]. Other approaches to bandwidth through stored energy can be found
in [13,15-18].

The present result is based on sum-rules for array antennas. Such sum-rules follow directly
from that a unit-cell array antenna can be seen as a passive system [19-21], see also [22]. This
approach is similar to scattering of layered homogeneous absorbers [23]. It was extended to periodic
structures above a ground-plane in [24,25] and applied to arrays over a ground-plane in [3]. In [4]
we showed that these bounds are valid for linearly polarized multi-band array antennas. Here we
also defined the array figure of merit. For a comparison of performance of recent array antennas
see [4]. Extension to circular polarization can be found in [5].

In the present paper we illustrate how the array figure of merit can be used as a trade-off tool
between scan-range, bandwidth at a particular return loss level and thickness for an array antenna.
This enables us to predict what the fundamental limitations of an array are. Furthermore, it
can also be used as a thumb-rule based on existing arrays as an a-priori figure of merit for a
particular design-specification. The figure of merit is here limited to planar unit-cell arrays over a
ground-plane. It is derived under the assumption that the array is passive, loss-less, reciprocal and
time-invariant.

The paper is organized as follows, in Section 2 we introduce the array figure of merit. In Section 3
we illustrate how the array figure of merit can be used as a trade-off tool for arrays. We end with
a conclusion.

2. ARRAY FIGURE OF MERIT

Consider a planar array antenna over a ground plane, see Fig. 1. We simplify the array to a model
with a single unit cell with periodic boundary condition over a ground-plane. The antenna is feed
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below the ground-plane, and matching is done within the unit-cell above the ground-plane. The
unit-cell extend from the ground-plane a distance d upwards and with area A to include one element
of the periodic array.

""" Unit Cell &
Periodic Boundary Conditions
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Ground Plane

Figure 1: Schematic picture from above of a finite array with a ground-plane. The enlargement shows a
unit-cell of the array.

The key parameter for the figure of merit is the array feed reflection coefficient I'z. It is a function
of angular frequency w, note that |[I'z| < 1, and that it is analytic in s = o 4+ jw, Res > 0 [19, 26].
It also depend on the scan-angle 6. For the TE-radiating case we have the following relation [4]:

160)= [t (050 ) do < are(6), (1)
0
where wg is the angular frequency anzats of the grating-lobes and
d 0] dis
qTE = % <1+2;IA> cosf < WCM cos 6. (2)

Here c is the speed of light, 1 is the maximal static relative permeability, d is the unit-cell thickness,
A is the unit-cell area and 7 is a function of the magnetic polarizability tensor, see [25]. The array
figure of merit is derived out (1) through the idea of measuring the maximal value of I1(6)/q(6). Let
A = 27c/w, the we maximize I/q over one or several working bands [A_ ,,, Ay ], m =1,.... M
below wg and over the scan-range R = [0, 61]. Given a maximal reflection coefficient I';, over
working band m and for all angles in R, we find that the array figure of merit is defined as

niE Zi\n/lzl I (0] ™) A pm — A )
M 2meq

<1. (3)

We obtain the highest value of the array figure of merit H&M, if we know detailed structure informa-
tion 4 about the unit cell, and insert § = mingcg ¢*¥(#) above. For most cases we only know the
array thickness and maximal static permeability us, in this case we use ¢ = wdps(cos @) /c. This im-
ply that we get a slightly conservative measure of nTF of the performance corresponding to making
full use of the available volume. Note that the above calculation assumes a perfect ground-plane to
determine 4 through a mirroring approach. Possible holes in the ground-plane could improve the
possible performance limit.

The simplest case, with scan-range region [0, 1], and one working band [A_, A;], assuming no
information about the unit-cell structure we find the array figure of merit as:

TE _ In (|Fm|_1) (Arm — A—m)
n 272d s cos 61

= <1. (4)

The highest known value of a wide-band and wide-scan array using (4) is nT" = 0.64, see [4] and
where also the TM-case is discussed. Given a measured or simulated array, it is fairly easy to
estimate its array-figure of merit see [4]. Below we illustrate through an example how to use (4) as
a tool for trade-off.

3. TRADE-OFF USING THE ARRAY FIGURE OF MERIT

The main point in this paper is to investigate how to use the array figure of merit as a trade-off
tool and to evaluate different a-priori design-criteria. To do this, consider an array with a high
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performance requirement. The desired array specification is:

A
bandwidth ratio: /\—+ —6at RL =15dB or RL = 10dB (5)
scan range: [0,60°] or [0, 45°] (6)
thickness ratio: )\i =0.5 or )\i =1. (7)

Here, RL = 201og;,(|T'|7!) is the return-loss. The smaller scan-range might be possible, but the
larger is preferred. Similarly the higher return loss is desired, but if trade-off requires it the lower
one is acceptable over the working band. Similarly, an array should clearly be as thin as possible
and the 0.5 thickness ratio is the goal. Given such a specification it is often hard to know if its
realizable and how it compares with existing arrays. Let’s check the hardest requirements with the
array figure of merit, RL = 15dB, #; = 60°, d/A_ = 0.5 and A\;/A_ = 6 we find that n = 1.75 > 1
and thus it is beyond the physically realistic case.

With one or several of the lower requirements we can enter into the physically possible range.
Here it is interesting to compare performance with existing top preforming arrays to understand
how these requirements has to be modified in order for the design to be a reasonable input for an
array design. We will show how the different parameters can be trade-against each other.

Given the specification of the array, to compare it with existing high-performing arrays we choose
the figure of merit as n € [0.57, 0.63, 0.70]. This corresponds to slightly below 0.57, at 0.64 and
beyond 0.70 the best known array element today. We see that Eq. (4) for the scan-range depend
only on 61, thus we fix the two different maximal ranges 45° and 60° for our illustration. Similarly
we also consider the two cases of return loss 10dB and 15 dB. Sweeping thicknesses, we find the
corresponding bandwidth ratio Ay /A_ in Fig. 2.

Figure 2: Bandwidth versus relative thickness. We consider two ranges of return loss 10dB and 15dB and
compare with today’s best arrays n € [0.57, 0.64, 0.70] for [0, 61] where 6; € [30, 45, 60°].

From this figure we see that with present day state-of-the art n = 0.64, a 6:1 bandwidth ratio
with 10dB return loss and 45° is possible only if the relative thickness satisfy d/A_ > 0.64. If we
desire 15 dB in return loss and #; = 60° we need a relative thickness ~ 1.4. One can also verify that
if we for RL = 15dB lower the max scan-range to 6; = 45°, then a 6:1 bandwidth and relative
thickness 1 correspond to the array figure of merit n = 0.64, which is the best figure-of-merit
preforming wideband array. Thus a fixed array figure of merit gives us a performance surfaces on
which the antenna parameters trade-off at the same performance level. It unfortunately does not
tell us how to realize these arrays, only that they are physically possible, and that there exists other
arrays for a particular combination parameters of this performance level.

We can further illustrate how to trade the parameters, by sweeping return loss and scan-range
against bandwidth ratio see Fig. 3. Fix the relative thickness of d/A_ to 0.5 or 1, for a range of
array figure of merit performances. It is clear from Fig. 3(a) that for a relative thickness of 0.5,
we have the choice of a lower return loss of ~ 7.7 dB to obtain the desired 6: 1 bandwidth ratio for
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Figure 3: Bandwidth versus (a) return loss and (b) scan-range [0, 6;].

45° or reducing the max scan-range to 30° and live with a return-loss of 9.4 dB. If we instead use,
e.g., a WAIM layer and have a thick array with relative thickness 1, we see that a 6:1 bandwidth
at 10dB return-loss and maximal scan-range 60°, can be obtained for array figure of merits in
0.57 < n < 0.64.

In Fig. 3(b) of trade-off is between bandwidth ratio and scan-range. Here we once again consider
the two cases of RL = 10dB and RL = 15dB, and the two relative thicknesses 0.5 and 1. It is clear
that the RL = 10dB with relative thickness 0.5 reaches a 6:1 bandwidth if we accept a scan-range
of [0, 20°] for n = 0.64. However RL = 15 and d/A = 1 reaches 6: 1 bandwidth ratio in the interval
[0, 40] degrees for n = 0.57, whereas if we can improve the design to beyond the state-of-the art
n = 0.7, we can reach a scan-range of [0, 52°].

From the above considerations we see that there are several combination of the specified pa-
rameters that are in pair with today’s state-of-the art array. With the above illustrations we
have shown how return-loss, scan-range and thickness can be traded, in order to reach a good
array specification. In the end, which of these parameters that should be weakened depend on the
application.

Note that there are currently few known arrays with performance above 1 > 0.45, and unfor-
tunately that the waist majority of arrays are below 0.30. A careful choice of antenna design and
its technology is required to reaching towards n = 0.64. A survey of the best arrays in a desired
array technology will easily yield a technology-specific figure of merit, which hence can be used as
a design-tool and goal setting of such arrays.

4. CONCLUSION

In the present paper, we illustrate how the array figure of merit can be used to trade different array
performance parameters against each other. We consider a high-performance array specification,
and compare with the array figure of merit corresponding to a state-of-the art array of today. The
array figure of merit enables us to realize how the array parameters depend on each-other. We
can thus compare with the physical limitation n = 1, but also against top-performing published
arrays. Through the array figure of merit, it is clear how the specification can be adjusted, in order
to get an array that is comparable with existing arrays. Realizing a physical array design that
have this performance remain an antenna engineering challenge, however we know that there exists
realizations on this performance level.
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