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Abstract— The relationship between statistical distributions of geometrical parameters and
scattering properties of particles has been underlined, particularly for optically soft particles.
As the calculation of these distributions may be difficult, some simple rules for estimating them
are presented in this paper. The method has been validated by the calculation of the scattering
properties of a capsule shaped particle.

1. INTRODUCTION

Electromagnetic scattering by particles consisting in a homogeneous material has been studied a lot
by numerically solving the Maxwell equations. Solutions depend on the morphology of the particles;
this is revealed at the boundary conditions, i.e., the values of the physical quantities on the particle
surface. In the case of a homogeneous material a relationship between the scattering properties,
the optical indices of the material and the surface characteristics may be expected. The exact
calculation of any shaped particle is possible by numerical methods [1]. However, the whole analysis
needs a too large computational time if these exact methods are used for the calculation of the
optical properties. Actually, the need of fast calculations is important for industrial applications,
e.g., particle sizing and particle shape determination by means of optical methods, even if the
accuracy is lower. Fitting the accuracy of the calculation with the accuracy of the measurement is
sufficient. Thus simple and accurate expressions for the optical properties of particles or crystals
are useful to solve inverse problems coming from such optical particle sizing techniques.

Moreover the use of relevant descriptors for the particle geometry can simplify the correspon-
dence between optical and geometrical properties. In the past some optical approximations have
been developed for the calculations for optically soft materials [2]. They include relations between
the optical properties and the statistical distributions of geometrical parameters [3,4]. Unfortu-
nately, it appears that the analytical calculation of the statistical distributions can be very tedious
even for simply shaped particles. The aim of this paper is to extract from the dedicated literature
any information to evaluate the statistical distributions of any convex body and then calculate the
scattering properties. The study of non convex particles, e.g., clusters, will be out of the scope of
this paper.

2. RELATION BETWEEN SCATTERING PROPERTIES AND STATISTICAL
DISTRIBUTIONS

The optical properties of a body depend on the relative refractive index m, i.e., the ratio between
the refractive indices of the particle and the surrounding medium. Some scatterers dispersed in a
liquid are characterized by a low optical contrast, i.e., |m — 1| < 1. In the past, two important an-
alytical approximations [2] have been proposed for such particles: the Van de Hulst approximation,
also known as anomalous diffraction (AD) approximation, for large particles and the Rayleigh-
Debye-Gans (RDG) approximation for small particles. From a geometrical point of view, the AD
approximation explicitly contains the Dj(l) chord length distribution (CLD) of the scatterer. The
chord length [ is the distance between two points located on the body surface. RDG approximation
considers the Dp(r) distance distribution (DD) of scattering elements inside the scatterer. The
distance r is the length between two any points inside the body. Now, we will focus our attention
about the scattering of light by small and optically soft particles.

Within the RDG approximation, the differential scattering cross section per unit incident in-
tensity (unpolarized light) is related to the amplitude form factor R. Considering that the object
(scatterer) can randomly orientate, this optical property is thus obtained after calculating an av-
erage over all the object orientations (Equation (1)):
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k, 0 and ks(ks = 2ksin(6/2)) are the incident wave vector, the scattering angle and the scattering
vector, respectively. V is the object volume.

Following the theory of stochastic geometry [3], there exists a relation between the two normal-
ized distributions Dp and D; for a convex particle:

Dp (r) = 1212 " () (L — r) dl/1* (3)

T

Imax is the maximum chord length of the particle.
By introducing Equation (3) into Equation (2), one express (|R|?) and the differential scattering
cross section as a function of the CLD:
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Equation (4) shows that Dy is the relevant geometrical characteristic for the scattering cross section
of optically soft particles. Equation (4) replaces the equation defining (|R|?) that is basically a
sextuple integral. As a consequence, the use of CLD presents two advantages: simpler calculations
and clear relationship between the particle morphology and the scattering properties.

Two ways can be used for calculating the CLD of a convex body: analytical calculation for
the simplest shaped particles or Monte-Carlo Simulations (MCS). The MCS runs are carried out
by generating unbiased random lines that cross the particle. The distance between the two points
that intersect the body is calculated and recorded. The MC sampling distribution may be visually
represented as the discrete probability histogram.

3. MATHEMATICAL PROPERTIES OF CLD

Statistical distributions have already been introduced by researchers in the field of the small angle
scattering using X-rays (SAXS). Therefore we may compile the main results of the literature espe-
cially these ones concerning the SAXS theory. Moreover, additional properties have been discovered
by the mathematicians.

We may consider the CLD of any convex body as the CLD of an equivalent spheroid or ellipsoid,
i.e., a body with a smooth shape, modified by specific geometrical features. The latter ones are
important for the shape of the CLD curve. They consist in flat faces as crystal facets, parallel (flat
or curved) surfaces, parallel tangent planes, edges and corners. They correspond to discontinuities
of the distribution density or its derivative.

We begin by investigating the effect of the curvature on CLD. For a convex body with a smooth
surface the series expansion of CLD around [ = 0 does not contain even terms. The first order term
is an explicit function of the mean principal curvatures of the body [5, 6].

Chords intersect the surface at two points in a convex body; some chords are perpendicular to
the tangent planes at the two end points and thus the latter ones are parallel. These chords are
termed extremal chords. For instance, spheroids have two extremal chords: one for [ = 2a and
the other for [ = 2b, a and b being the semi-axes. A discontinuity of dDj(1)/dl will occur at these
values. Wu and Schmidt [7] have investigated the properties of D;(l) when the chord is in the
neighbourhood of an extremal chord. They give expressions for D;(l) around the extremal chord
values denoted L. They show that D;(l) is continuous for | = L whereas dDj(l)/dl is not.

Ciccariello [8-10] generalized the work of Wu and Schmidt: he considers the property of paral-
lelism between some parts of body boundaries. He studied the case where the locus of the extremal
chord ends is a surface. For instance, this surface is a sphere for [ = 2R if the particle is a sphere
with radius R. One can show that D;(l) becomes discontinuous for this chord length value. If
the parallelism occurs between two partial surfaces of the body, a discontinuity of D;(l) occurs at
Il = L, L being the distance between the two parallel surfaces. The contribution of the parallelism
to Dy(l) for I — L is given by Ciccariello.
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The presence of edges leads to additional terms for D;(l) at | = 0. Ciccariello et al. [9,12] and
Sobry et al. [11, 13] have shown that D;(0) is a simple function of the dihedral angle and of the edge
length. All the edges contribute to D;(0). Edges (and corners) also contribute to dD;(1)/dl|;=o [14].
However, it seems difficult to systemize this contribution.

4. CANONICAL EXPRESSION FOR CLD OF CONVEX PARTICLE

4.1. Principles
Singularities on the surface of a convex body play an important role about the CLD. They cor-
respond to discontinuities of the distribution density and its derivatives. As seen in §3, the CLD
discontinuities are slightly proportional to the extension (length or area) of the corresponding sin-
gularities. Each singularity is characterized by the values of the chord length and of the density (or
its derivative) discontinuity. Generally, the contributions of these singularities are independent of
each other and additive. The CLD of particles having a simple shape is not monotonous and show
some features as discontinuities as well.

Moreover the integral geometry theory shows that the first order and fourth order CLD moments
are related to the surface area S and the volume of the body:

[=4V/S (5)
14 =12V?/7S (6)
Then we may establish the following rules for constructing the CLD:

- list the singularities (pairs of parallel tangent planes, pairs of parallel surfaces, edges),

- sort the singularities by increasing chord length values; quantify the corresponding disconti-
nuity of density or of its derivative,

- interpolate the density between two singularities by means of polynomial functions,

- write the density D;(l) as a piecewise function,

- use the normalization condition for D;(l) and Equations (5)—(6) for calculating unknown
polynomial coefficients in Dj(l).

4.2. Illustration

One considers a capsule shaped particle. This one consists in two hemispheres with radius R
and a circular cylinder with a radius R and length H. The capsule is a convex particle with
one [-discontinuity for I = 2R due to pairs of parallel surfaces and one dD(l)/dl-discontinuity
for I = 2R + H due to one pair of parallel tangent planes. Following §4.1 we divide the [-range
[0; 2R + H] into several parts:

- [0; 2R— A7) Dy (1) = [(R+3H/16) / (R* (2R + H))] I see [5, 6]
- [2R—Al7; 2R D2 (1) = D1y (2R — Al7) + Dy (I) — Dy (2R — A7)

with Dy (1) = =2 In |1 — 5k| see [8-10]

- [2R; 2R+ AlT] D3 (1) = Dy (2R+ AlT) + Dy (1) — Dy (2R + AlT)

- 2R+ AI*; 2R+ H|Dy(l) = Fp (1) + aa 2R+ H — 1)* + a3 2R+ H — 1)*
with Fp(l) = % see [7].

l=2R— Al~ and | = 2R + Al™ are the length values for which the continuity of CLD function
and its derivative is verified respectively:

D1 (2R—Al") = Dy (2R— Al")  dDy/dl = dDy/dl
D5 (2R + AlY) = Dy (2R + Al*)  dDs/dl = dDy/dI

az and a3 are determined by using the normalization condition for D;(l) and the Equation (5) for
the mean chord length value.

Figure 1 compares the CLD’s issued from MCS and calculated by using the previous method.
The agreement is good except the CLD part within the [2R + Al™; 2R + H] range. In order to
check the consequences of this deviation on the optical properties, we calculate the factor (| R|?)
following Equation (4) for a capsule shaped particle with R = 0.2 um and H = 0.4 pm. Figure 2
represents the comparison between the (|R|?) factors using the two CLD calculations. The slight
discrepancy between the two calculations of CLD does not lead to an significant deviation for (| R|?).
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Figure 1: CLD for a capsule (hemisphere radius = 1,  Figure 2: (|R|?) as a function of the scattering angle
cylinder length = 2). red: MCS; green: our method.  (rad) for a capsule (R = 0.2 um, H = 0.4 um). red:

D (1) from MCS; green: D;(1) from our method. A =
450 nm.

5. CONCLUSION

The methodology presented in this paper leads easily to an expression of the CLD that is needed for
the scattering properties calculations. Improvements can be done by considering the interactions
between singularities if any. This will be studied in the future.

REFERENCES

1. Kahnert, F. M., “Numerical methods in electromagnetic scattering theory,” J. Quant. Spectr.
Rad. Transfer, Vol. 79, 775-824, 2003.

2. Van de Hulst, H. C., Light Scattering by Small Particles, J. Wiley, New York, 1957.

3. Gille, W., Particle and Particle Systems Characterization: Small-angle Scattering (SAS) Ap-
plications, CRC Press, 2013.

4. Jacquier, S. and F. Gruy, “Application of scattering theories to the characterization of pre-
cipitation processes,” Light Scattering Reviews, Vol. 5, 37-78, A. Kokhanovsky, Ed., Springer,
2010.

5. Kirste, R. and G. Porod, “Roéntgenkleinwinkelstreuung an kolloiden systemen. Asymptotisches
verhalten der streukurven,” Kolloid Zeitschrift & Zeitschrift fiir Polymere, Vol. 184, 1-7, 1962.

6. Wu, H. and P. W. Schmidt, “Intersect distributions and small-angle X-ray scattering theory,”
J. Appl. Cryst., Vol. 4, 224-231, 1971.

7. Wu, H. and P. W. Schmidt, “The relation between the particle shape and the outer part of
the small-angle X-ray scattering curve,” J. Appl. Cryst., Vol. 7, 131-146, 1974.

8. Ciccariello, S., “Deviations from the Porod law due to parallel equidistant interfaces,” Acta
Cryst., Vol. A41, 560-568, 1985.

9. Ciccariello, S. and A. Benedetti, “Parametrizations of scattering intensities and values of the
angularities and of the interphase surfaces for three-component amorphous samples,” J. Appl.
Cryst., Vol. 18, 219-229, 1985.

10. Ciccariello, S., “The leading asymptotic term of the small-angle intensities scattered by some
idealized systems,” J. Appl. Cryst., Vol. 24, 509-515, 1991.

11. Sobry, R., J. Ledent, and F. Fontaine, “Application of an extended Porod law to the study of
the ionic aggregates in telechelic ionomers,” J. Appl. Cryst., Vol. 24, 516-525, 1991.

12. Ciccariello, S., “Edge contributions to the Kirste-Porod formula: The truncated circular right
cone case,” Acta Cryst., Vol. A49, 398—405, 1993.

13. Sobry, R., F. Fontaine, and J. Ledent, “Extension of Kirste-Porod’s law in the case of angulous
interfaces,” J. Appl. Cryst., Vol. 27, 482-491, 1994.

14. Ciccariello, S. and R. Sobry, “The vertex contribution to the Kirste-Porod term,” Acta Cryst.,

Vol. A51, 60-69, 1995.



