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Abstract— We take the perfect electrical conductor (PEC) dihedral with large dimension for
example to analyze its double-bounce illumination cases for SAR manmade target’s characteristic
modeling. The completeness of the illumination cases is proved by rigorous mathematical rea-
soning and the range of the transmit aspect angle corresponding to each integral case is offered.
The total scattering field is derived. Experiment results validate the dihedral’s double-bounce
scattering effect for each illumination case.

1. INTRODUCTION

SAR targets’ scattering modeling is of great importance in SAR image interpretation. It can be
derived by a variety of approaches. Model using physical optics (PO) maintains high computational
efficiency and excellent accuracy under certain conditions. Double-bounce scattering effect can be
found in a variety of manmade targets in real world scenes, such as ship-to-sea, vehicle-to-ground,
building-to-ground, etc. [1–3]. However, determining the illuminated area of the double-bounce,
as the primary task of this model, is very difficult. Thus, a complete solution to determine the
illuminated area easily and accurately is derived in this paper.

Under the assumption of high-frequency and far field, we take the PEC dihedral with large
dimension for example to analyze its double-bounce’s illumination cases and find that there existed
six classes of different integral(s) domain along with the transmit angle varying. Then the complete-
ness of the illumination cases is proved by rigorous mathematical reasoning and the range of the
transmit aspect angle corresponding to each integral case is also offered. Dihedral’s double-bounce
scattering effect corresponding to each integral case is computed based on PO integral equation.
And combining the results of the double-bounce scattering effect with the single-bounce scattering,
total scattering field of the right-angle dihedral is derived. Experiments validate these conclusions.
And the proposed method can be extended to other scatterers whose scattering are dominated by
double-bounce scattering effect.

2. ILLUMINATION CASES CALCULATION AND DEMONSTRATION

Reference 4 gives PO integral

~E =
−jkη

4π

∫

S

r̂ ×
[
r̂ ×

(
2n̂× ~Hi

)]
e−jk~r′(k̂t−r̂)dS (1)

where k is the wavenumber, k = 2πf/c, η is the impedance, and
√

j ≡ −1. r̂ is the receive direction,
n̂ is the unit vector norm to the surface S, ~Hi is the polarization of the incident magnetic field, ~r′
is a vector from the origin to a point on the surface S, and kt is the transmit direction.

Taking one step further, we can get

~E = −jkη

4π

{
r̂ ×

[
r̂ ×

(
2n̂× ~Hi

)]}
I (2)

where I =
∫
S e−jk~r′(k̂t−r̂)dS. Using formula (2), reference 5 gives the bistatic scattering solution

for a rectangular plate. Employing the same manner, we can derive the total scattering solution
for a right-angle dihedral. And the main task is how to calculate I for double-bounce.
2.1. Illumination Cases Analysis
Given the incident and scattered wave direction depicted in Figure 1, write them in Cartesian
coordinates as

k̂t = − (x̂ cosφt sin θt + ŷ sinφt sin θt + ẑ cos θt) (3)
r̂ = x̂ cosφr sin θr + ŷ sinφr sin θr + ẑ cos θr (4)
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The PEC right-angle dihedral is shown in Figure 2. Based on geometric optics (GO), we can get
the single-bounce specular scattered wave direction, i.e., the double-bounce incident wave direction,

ŝyz = x̂ cosφt sin θt − ŷ sinφt sin θt − ẑ cos θt (5)
ŝxz = −x̂ cosφt sin θt + ŷ sinφt sin θt − ẑ cos θt (6)

where subscript denotes the plate reflected rays.
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Figure 1: Bistatic spherical coordinate geometry.
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Figure 2: Right-angle dihedral.

From Figure 2, we get four corners coordinates: P1 = (a, 0, L/2), Q1 = (a, 0,−L/2), P2 =
(0, b, L/2), Q2 = (0, b,−L/2). Based on space geometry, we can obtain the coordinates of the
projections for four corners: P ′

1 = (0, a tanφt, L/2− a cot θt/ cosφt), Q′
1 = (0, a tanφt, −L/2

−a cot θt/ cosφt), P ′
2 = (b cotφt, 0, L/2− b cot θt/ sinφt), Q′

2 = (b cotφt, 0, −L/2− b cot θt/ sinφt).
Because of 0◦ ≤ φt ≤ 90◦, we know that the projection points must be on the positive axis. If
projection points, P ′

1, Q′
1, are both on the plate, they must satisfy

tanφt ≤ b/a (7)

Similarly for P ′
2, Q′

2, they must satisfy

tanφt ≥ a/b (8)

From formula (7) and (8), we can get
Conclusion 1: two set of projection points P ′

1, Q′
1 and P ′

2, Q′
2, are no more than one

set on the plate.
On the other hand, ∣∣P ′

1 −Q′
1

∣∣ =
∣∣P ′

2 −Q′
2

∣∣ = L (9)

We have
Conclusion 2: P ′

1 and Q′
1 are no more than one point on the plate, as same for P ′

2
and Q′

2.
From Conclusion 1 and 2, we can easily acquire
Conclusion 3: P ′

1, Q′
1, P ′

2 and Q′
2 are no more than one projection point on the plate.

If all four points aren’t on the plate, there are two cases. One is that all four points are up the
plate. The sufficient and necessary conditions of this case are

− b cot θt > L sinφt, −a cot θt > L cosφt (10)

The other case is all four points are down the plate. And the sufficient and necessary conditions
are

b cot θt > L sinφt, a cot θt > L cosφt (11)

2.2. Illuminated Area Determination

Now, we know there are at least six illumination cases. Further analysis shows that there only exist
six cases. Next, we prove the completeness of the six illumination cases by rigorous mathematical
reasoning now.

Case 1: when P ′
1 is on the plate, the sufficient and necessary conditions are

0◦ ≤ θt ≤ 90◦, tanφt ≤ (b/a) , cot θt ≤ (L/a) cos φt (12)
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Case 2: when P ′
2 is on the plate, the sufficient and necessary conditions are

0◦ ≤ θt ≤ 90◦, tanφt ≥ (b/a) , cot θt ≤ (L/b) sinφt (13)

Case 3: when all four points are down the plate, the sufficient and necessary conditions are
formula (11).

Case4: when Q′
1 is on the plate, the sufficient and necessary conditions are

90◦ ≤ θt ≤ 180◦, tanφt ≤ (b/a) , 0 ≥ cot θt ≥ − (L/a) cos φt (14)

Case 5: when Q′
2 is on the plate, the sufficient and necessary conditions are

90◦ ≤ θt ≤ 180◦, tanφt ≥ (b/a) , 0 ≥ cot θt ≥ − (L/b) sinφt (15)

Case 6: when all four points are up the plate, the sufficient and necessary conditions are formula
(10).

All these illumination cases are shown in Figure 3 respectively.

Figure 3: Illumination (illuminated area) of double-bounce for right-angle dihedral corresponding to illumi-
nation Cases 1–6.

Since Cases 4–6 are similar to Cases 1–3, now we just analyze the latter. The former can be
done using the same manner. From Figure 3, we can see that there exist three cases for one plate
of the dihedral, as shown in Figure 4. In the light of combination theory, there will be six cases
existing.

Figure 4: Illumination Cases (I)–(III) for one plate of the dihedral.

Now we analyze which case one plate is in when the other one (without loss of generality, we
suppose it is yz plate) is in Case I. From Conclusion 1, we know that it is impossible for two plates
both in Case I. The difference between the Cases II and III is the slope of the plate upper edge’s
projection. The bigger is for Case II, and the smaller is for Case III. We know that the slope of the
plate’s diagonal line is

k = −L/a (16)

The slope of the projection line is
k′ = − cot θt/ cosφt (17)

Since yz plate is in Case I, from formula (12), we know k′ ≥ k. Thus, this plate must be in
Case II. Using the same analyzing manner, we have the following conclusions:
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Conclusion 4: if one plate is in Case I, the other one must be in Case II.

Conclusion 5: if one plate is in Case II, the other one must be in Case I.

Conclusion 6: if one plate is in Case III, the other one also must be in Case III.

From Conclusions 4–6, we know that there just exist six illumination cases for right-angle dihe-
dral for arbitrary transmit angles. The range of the transmit aspect angle corresponding to each
illumination case are given in formula (10)–(15) respectively and illuminated area are shown in
Figure 3.

Figure 5: Comparison of bistatic dihedral polarization response for formula (19) and a shooting and bouncing
rays prediction for six illumination cases.
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3. SCATTERING FIELD CALCULATION

Section 2 analyzes illumination cases and gives the range of the transmit aspect angle corresponding
to each illumination case. Thus, we can easily calculate I = for each illumination cases,

I(1,2,3)
xz = ej L

2 ψz

jψz
X sin c

(
X
2

(
ψx + cot θt

cos φt
ψz

))
e
−j X

2

“
ψx+ cot θt

cos φt
ψz

”
− e−j L

2 ψz

jψz
X sin c

(
X
2 ψx

)
e−j X

2
ψx

I(1,2,3)
yz = ej L

2 ψz

jψz
Y sin c

(
Y
2

(
ψy + cot θt

cos φt
ψz

))
e
−j Y

2

“
ψy+ cot θt

sin φt
ψz

”
− e−j L

2 ψz

jψz
Y sin c

(
Y
2 ψy

)
e−j Y

2
ψy

I(4,5,6)
xz = ej L

2 ψz

jψz
X sin c

(
X
2 ψx

)
e−j X

2
ψx − e−j L

2 ψz

jψz
X sin c

(
X
2

(
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e
−j X

2
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”

I(4,5,6)
yz = ej L

2 ψz

jψz
Y sin c

(
Y
2 ψy

)
e−j Y

2
ψy − e−j L

2 ψz

jψz
Y sin c

(
Y
2

(
ψy + cot θt

sin φt
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))
e
−j Y

2

“
ψy+ cot θt

sin φt
ψz

”

(18)

where superscripts 1, 2, 3 and 4, 5, 6 indicate illumination Cases 1–3 and 4–6, respectively. And
the subscripts xz and yz indicate the plate reflected rays. ψx = k (cosφt sin θt − cosφr sin θr),
ψy = k (sinφt sin θt − sinφr sin θr), ψz = k(cos θt + cos θr). And X = b cotφt, Y = b for Cases
1, 4, X = a, Y = a tanφt for Cases 2, 5, X = L tan θt cosφt, Y = L tan θt sinφt for Case 3,
and X = −L tan θt cosφt, Y = −L tan θt sinφt for Case 6. Combining I with the result given by
Reference 6, we obtain the bistatic 3D scattering solution for a right-angle dihedral,

~Etotal =
jk

2π

{
Eθθ̂r

[
L sin c

(
L

2
Z

)
sin θr

(
a sin c

(a

2
X

)
e

ja

2
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(
b

2
Y

)
e
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2
Y cosφt

)

− sin θr(Ixz sinφt + Iyz cosφt)]− Eφθ̂r [(sin θt cos θr (Ixz cosφr− Iyz sinφr) +
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L
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Z
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+sin θt(Ixz sinφr + Iyz cosφr)]} (19)

where X = k(cosφt sin θt + cosφr sin θr), Y=k(sinφt sin θt + sin φr sin θr), Z = k(cos θt + cos θr).

4. EXPERIMENTS

Six sets of experiments corresponded to six different illumination cases are done. The dimensions
of the dihedral are L = 1, a = 0.5, b = 0.5. And the results shown in Figure 5 have excellent
agreement with the SBR predictions. For easy comparison, formula (19) is organized into co/cross-
pol scattering. V indicates vertical polarization (θ-pol), H indicates horizontal polarization (φ-
pol), and the first script indicates receive polarization while the second script indicates transmitter
polarization (HV polarization is omitted since the response is zero).

5. CONCLUSION

We take PEC dihedral with large size dimension for example to compute illuminated area and
scattering for double-bounce for SAR manmade target’s characteristic modeling. From results, we
can see that what we derive shows excellent agreement with the SBR predictions. These indicate
that the six illumination cases we derived are right and also mean that our method computing the
illuminated area of dihedral is valid. Using the same method, we can compute illuminated area and
scattering for double-bounce for other scatterers whose scattering are dominated by double-bounce
scattering effect.
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