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Abstract— Multi-target detection based on the time-reversal imaging with multiple signal
classification (TR-MUSIC) and back-projection (BP) algorithms is presented in this paper. In
the TR-MUSIC, firstly, the backscatter of a signal transmitted into a scattering environment
is recorded. Secondly, the time reversal operator is obtained with the use of transfer matrix.
Finally, the targets can be located through back-propagation of the eigenvectors of time reversal
operator. In the BP, the imaging map is reconstructed by using the power of the electromagnetic
wave corresponding to the travelling time from the transceivers to each pixel in imaging region.
The imaging basic theories of TR-MUSIC and BP algorithms are outlined. In order to illustrate
the performance of these two algorithms in detail, numerical simulations for three ideal point-like
targets are conducted and analyzed. Here, we consider two versions of the simulation: targets
detection with enough detection elements or not. Results show that the TR-MUSIC approach
has a better performance than BP approach.

1. INTRODUCTION

Time-reversal imaging with multiple signal classification (TR-MUSIC) and back-projection (BP)
algorithms are two well-developed imaging approaches dedicated to many applications, such as
military, civil and biomedical imaging applications [1–5].

There are two stages in the time reversal process (TRP), namely, the time reversal forward
propagation (TRFP) stage and the time reversal backward propagation (TRBP) stage. In the
TRFP stage, the sources generate a signal, or the scatterers reflect a signal. A set of receivers record
the signal. In the TRBP stage, these recorded signals are time reversed and rebroadcasted into
the same scattering environment from the transmitters. The TRP is strictly within the framework
of the wave equation [6]. In the contrast to the TR approach, the BP algorithm is a geometrical
technique [7]. As a result, the imaging formulas adopted by these two algorithms are generally
different. In this paper, these two algorithms are compared in multi-target detection.

The rest of this paper is organized as follows. In Section 2, the imaging methodologies and basic
theories of TR-MUSIC and BP algorithms are introduced. Section 3 compares the two methods in
multi-target detection by using the numerical experiment. The conclusion of this paper is presented
in Section 4.

2. BASIC THEORY

We consider an array of N transceiver elements whose nth element is located at rn (1 ≤ n ≤ N) and
the backscattered signals are measured by all elements. Assume that the transceiver elements are
all ideal that is the nonlinear of the transceivers can be neglected and targets are taken to be ideal
point-like scatterers whose scattering only happens in first order, the receivers in the TRFP stage
act as transmitters in the TRBP stage. The number of targets is L and the lth target is located at
rl (1 ≤ l ≤ L). The incident field at r excited by the emission signal of the nth transmitter denoted
by ϕn(r, ω) is

ϕn(r, ω) = G(r, rn, ω)Sn(ω) (1)

And receiving signal at the mth receiver located at rm (1 ≤ m ≤ N) is

ψmn(r, ω) = ϕn(r, ω)Ar(ω)G(rm, r, ω) = G(r, rn, ω)G(rm, r, ω)Ar(ω)Sn(ω) (2)

where Sn(ω) is the transmission signal of nth transmitter, Ar(ω) is the scattering factor at r,
G(rk, rq, ω) is background Green function that satisfies the reduced wave equation [6], representing
the propagator from location rq to rk, because of the reciprocity of background Green function,
that is G(rk, rq, ω) = G(rq, rk, ω), the expression (2) can be presented as

ψmn(r, ω) = G(rn, r, ω)G(rm, r, ω)Ar(ω)Sn(ω) (3)
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2.1. TR-MUSIC

Assume each transmitter individually is excited. So after scattered by L targets, the receiving
signal of mth receiver is

ψm(r, ω) =
N∑

n=1

L∑

l=1

G(rn, rl, ω)G(rm, rl, ω)τl(ω)Sn(ω) (4)

where τl(ω) is the scattering coefficient of lth scatterer.
The time reversal operator Ū can be formed with the multi-static response transfer matrix K̄

that incorporates the scattering property of each target and the attenuation in the medium, Ū is
given by

Ū = K̄∗K̄ (5)

where the “∗” denotes the conjugation of a matrix or vector, the multi-static response transfer
matrix K̄ is

K̄ =
L∑

l=1

Ḡl(ω)ḠT
l (ω)τl(ω) (6)

where the superscript “T” denotes the transpose of a vector or matrix, and Ḡl(ω) is a N -dimensional
column vector of Greens function, and can be represented as

Ḡl(ω) = [G(r1, rl, ω), G(r2, rl, ω), . . . , G(rN , rl, ω)]T (7)

We can obtain the signal and noise sub-spaces by applying eigen decomposition on Ū given by (5).
The eigenvalues and eigenvectors of Ū are denoted by {λl, µl} (l = 1, 2, . . . , N). The nonzero
eigenvalues correspond to the signal sub-spaces, while the zero eigenvalues correspond to the noise
sub-spaces which we use to construct the imaging function. The locations of the targets and their
images can be determined by constructing the MUSIC pseudo spectrum from

I(rp) =
1

N∑
l0=L+1

|〈µ∗l0 , Ḡp(ω)〉|2
(8)

where µ∗l0 is the conjugation of eigenvectors with zero eigenvalues and the inner product 〈µ∗l0 , Ḡp(ω)〉
is equal to zero whenever rp corresponds to the location of one of the targets.

2.2. BP

To implement the numerical studies, supposing that the imaging region is divided into Q grids. If
the nth transmitter is excited and the scatter signal is received by the mth receiver, the scatter
field can be represented as

Escatter(rm, rn, ω) =
Q∑

q=1

ψmn(rq, ω) (9)

If all transmitters are excited at the same time, the scattered field is given by

Escatter(rm, ω) =
N∑

n=1

Escatter(rm, rn, ω) =
N∑

n=1

Q∑

q=1

ψmn(rq, ω) (10)

The imaging function of the BP method is

IBP (rp) =
N∑

m=1

Escatter(rm, tmp) (11)

where tmp = dmp/c, c is the light velocity in the free space, dmp is the distance between the mth
receiver and the pth grid in the imaging region. Escatter(rm, t) is the inverse Fourier transform
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of (10), that is

Escatter(rm, t) =
1
2π

∫ +∞

−∞
Escatter(rm, ω)ejωtdω =

1
2π

N∑

n=1

∫ +∞

−∞
Escatter(rm, rn, ω)ejωtdω

=
1
2π

N∑

n=1

Q∑

q=1

∫ +∞

−∞
ψmn(rq, ω)ejωtdω

=
1
2π

N∑

n=1

Q∑

q=1

∫ +∞

−∞
[G(rn, rq, ω)G(rm, rq, ω)Arq

(ω)Sn(ω)]ejωtdω (12)

The discretized version of (12) gives

Escatter(rm, t) =
∆ω

2π

K∑

k=1





N∑

n=1

Q∑

q=1

[G(rn, rq, ωk)G(rm, rq, ωk)Arq
(ωk)Sn(ωk)]ejωkt



 (13)

Then, (11) can be written as

IBP (rp) =
N∑

m=1

Escatter(rm, tmp)

=
∆ω

2π

K∑

k=1





N∑

m=1

N∑

n=1

Q∑

q=1

[
G(rn, rq, ωk)G(rm, rq, ωk)Arq

(ωk)Sn(ωk)
]
ejωktmp



 (14)

Which can be formed as
IBP = IBP

Q×K · Z̄ (15)

where Z̄ = (4ω
2π )[1, 1, . . . , 1]T1×K . The kth column of matrix IBP

Q×K is

IBP
ωk

= Ge(ωk)GA(ωk)S̄(ωk) (16)

where

Ḡe(ωk) =




〈
ē1(ωk), Ḡ1(ωk)

〉 〈
ē1(ωk), Ḡ2(ωk)

〉
. . .

〈
ē1(ωk), ḠQ(ωk)

〉
〈
ē2(ωk), Ḡ1(ωk)

〉 〈
ē2(ωk), Ḡ2(ωk)

〉
. . .

〈
ē2(ωk), ḠQ(ωk)

〉
... . . . . . .

...〈
ēQ(ωk), Ḡ1(ωk)

〉 〈
ēQ(ωk), Ḡ2(ωk)

〉
. . .

〈
ēQ(ωk), ḠQ(ωk)

〉


 (17)

Ḡq(ωk) = [G(r1, rq, ωk), G(r2, rq, ωk), . . . , G(rN , rq, ωk)]
T , (1 ≤ q ≤ Q) (18)

ēq(ωk) =
[
ejωkt1q , ejωkt2q , . . . , ejωktNq

]T
, (1 ≤ q ≤ Q) (19)

ḠA(ωk) =




G(r1, r1, ωk)Ar1(ωk) G(r2, r1, ωk)Ar1(ωk) . . . G(rN , r1, ωk)Ar1(ωk)
G(r1, r2, ωk)Ar2(ωk) G(r2, r2, ωk)Ar2(ωk) . . . G(rN , r2, ωk)Ar2(ωk)

... . . . . . .
...

G(r1, rQ, ωk)ArQ
(ωk) G(r2, rQ, ωk)ArQ

(ωk) . . . G(rN , rQ, ωk)ArQ
(ωk)


 (20)

S̄(ωk) = [S1(ωk), S2(ωk), . . . , SN (ωk)]
T (21)

3. NUMERICAL SIMULATIONS

In order to illustrate the performance of these two algorithms in detail, the numerical experiment
for three ideal point-like targets is constructed, and two situations are analyzed, that is, target de-
tection with enough transceiver elements called situation I and target detection with few transceiver
elements named situation II.

The setup of situation I is conducted as shown in Figure 1, and the setup of situation II is
the same as that of situation I except the number of transceiver elements which are shown in the
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bottom of imaging region in Figure 1. The “4” represents the transceiver element and the “◦”
represents the target. The positions of these three targets are (1.5m, 4 m) marked as S1, (3.75m,
1.3m) marked as S2 and (2.9m, 2.5 m) marked as S3. Fifteen transceiver elements are used to
construct situation I which provide enough echo signals, for contrast, four transceiver elements are
employed to achieve situation II.

The imaging results of TR-MUSIC and BP algorithms are shown in Figure 2 and Figure 3,
respectively. In situation I, the targets based on both algorithms can be located accurately, while

Cross-range (m)

D
o
w

n
-r

a
n
g
e
 (

m
)

S1

S2

S3

0 1 2 3 4 5
0

1

2

3

4

5

Figure 1: Setup of the numerical experiment.
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Figure 2: Imaging results based on TR-MUSIC algorithm: (a) 15 transceiver elements; and (b) 4 transceiver
elements.
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Figure 3: Imaging results based on BP algorithm: (a) 15 transceiver elements; and (b) 4 transceiver elements.
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the imaging resolution based on TR-MUSIC algorithm is better than that based on BP algorithm
in situation II. Thus, the TR-MUSIC approach outperforms BP approach in multi-target detection.

4. CONCLUSIONS

Two imaging methods, namely, TR-MUSIC and BP methods have been compared with numerical
experiment in multi-target detection. From the analysis, in terms of imaging quality, the TR-
MUSIC is superior to the BP method. In our future work, the limitations by using TR-MUSIC
will be studied based on some current literature [8], the impact of noise and other impact factors
of imaging resolution will be also investigated.
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